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Abstract. Laboratory tests on soil adopt simplified stress paths com-
pared to real world counterparts due to mechanical limitations. This
study investigates the deformation of granular material under com-
bined principal stress value and orientation change in full 3D space
using the discrete element method. Such stress paths are achieved by
applying a 3D force line boundary condition on spherical granular
material samples. Continuous cyclic tests with stress paths restricted
in a fixed plane and in full 3D space, simulating a bidirectional seis-
mic stress path, are both conducted. The importance of taking both
principal stress value and orientation change into consideration is high-
lighted. In the tests, the greatest deformation is observed under pure
stress orientation change, while the smallest deformation is observed
when the principal stress axes are fixed. The change of stress value and
orientation in 3D is also shown to result in deformations different to
those within a fixed plane. The origins of these differences are found
to be associated with difference in shear modulus, dilatancy, and non-
coaxiality at the macroscale, and particle contact and fabric anisotropy
at the microscale.
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List of Symbols

D50 The portions of particles with diameters smaller
and larger than this value are 50%

Dmin Minimum particle diameter within the sample
Dmax Maximum particle diameter within the sample
r Radius of the sample
σi j Stress tensor
si j Deviatoric stress tensor
σ1,2,3 Deviatoric stress tensor
p Mean effective stress
τi j Shear stress at i direction, perpendicular to j di-

rection
q Deviatoric stress
qmin Minimum deviatoric stress during simulation
qmax Maximum deviatoric stress during simulation
εi j Strain tensor
ei j Deviatoric strain tensor
εv Volumetric strain
γ Equivalent shear strain
Fi j Deviatoric contact fabric tensor
G Shear modulus
δi j Kronecker delta
G Shear modulus
Im Friction mobilization index
D Dilatancy

1. Introduction
Soil is often subjected to 3D loading involving changes in
both principal stress value and orientation under natural
and engineering conditions. However, due to limitations in
testing capability, the mechanical behaviour of soil is often
evaluated under grossly simplified conditions, where the
principal stress orientation is fixed in triaxial tests [Nakata
et al., 1998] or rotated in a fixed plane in hollow cylinder
torsional (HCT) shear tests [Arthur et al., 1980]. While these
type of tests have provided valuable information for the
advancement of soil mechanics, the representativeness of
such an approach for real world 3D conditions needs to be
assessed.

Existing studies have shown that the pure rotation of
principal stress axes in a fixed plane perpendicular to the
bedding plane of soil, as is in the hollow cylinder torsional
shear test setup, can induce strains comparable to that
under stress value change [Ishihara and Towhata, 1983;
Ishihara and Yamazaki, 1984, 1980; Li et al., 2016; LI and
YU, 2010; Miura et al., 1986a; Nakata et al., 1998; Tong et al.,
2014; Towhata and Ishihara, 1985; Wang et al., 2019b; Xue
et al., 2019; Yang et al., 2007]. This behaviour of soil has been
attributed to the anisotropy of the material [Miura et al.,
1986a]. Therefore, it can be naturally expected that stress
paths combining principal stress value and orientation
change in full 3D space would result in deformation differ-
ent to those observed under relatively simple conditions.

Owing to mechanical limitations of test apparatuses,
physical tests for such complex stress paths with principal
stress value and orientation change are relatively scarce.

“2D stress paths” where the principal stress value and direc-
tion change simultaneously within a plane perpendicular
to the bedding plane, following oval or “8”-shaped paths,
have been achieved in the HCT apparatus [Ishihara and
Yamazaki, 1980; Li, 1997; Towhata and Ishihara, 1985].
These test results clearly show that coupling stress orien-
tation change with amplitude change can lead to greater
deformation.

3D discrete element method (DEM) [Cundall and Strack,
1979] can provide an effective means to investigate the
response of granular material under complex 3D loading,
with the added convenience of allowing for the analysis
of microscale quantities governing macroscale behaviour.
Li et al. [2016] observed the contractive and non-coaxial
strain of soil under continuous rotation of principal stress
in 3D DEM. Sibille et al. [2019] simulated the response of
sand under monotonic and cyclic nonproportional load-
ing within the deviatoric stress plane (i.e., fixed principal
stress axes, varying principal stress values and intermedi-
ate principal stress coefficient b values), to highlight the
effectiveness of 3D DEM in quantitatively capturing the be-
haviour of sand under complex load paths. Several studies
have been conducted using DEM to study the behaviour of
soil under traffic loading, showing that the coupling of stress
orientation change with value change can generate much
greater deformation than under stress value change alone
[Bian et al., 2020; Gu et al., 2020; Guo et al., 2022]. However,
these analyses were only conducted for cases where the
stress orientation change occurs within a fixed plane. Xue
et al. [2019] proposed a “force line” boundary condition in
3D DEM to allow for the application of principal stress in
any arbitrary direction. Using the method, Xue et al. [2019]
conducted novel numerical tests where the principal stress
axes rotation planes were oriented at different angles θ with
respect to the bedding plane and showed that the change in
stress orientation in 3D space has significant influence on
the deformation of granular material.

The goal of this study is to investigate the deformation
of granular material under combined principal stress value
and orientation change in 3D space. The DEM method of
Xue et al. [2019] was adopted. Numerical tests with the
change of stress value and orientation within a fixed plane
were first conducted and analysed to illustrate the influence
of stress amplitude and orientation combined change on
granular material response. Tests were then conducted to
simulate the stress path generated under bidirectional shear
wave induced ground shaking to assess the roles of stress
principal stress value and orientation change for relatively
realistic 3D loading.

2. Numerical Method
The DEM code used in this study was PFC3D [Itasca, 2018].
Spherical particles were used in the current study, where
D50=0.225mm Dmin=0.115mm and Dmax=0.305mm. Over
600,000 sphere particles were randomly generated and de-
posited under gravity, to achieve an anisotropic initial state.
After deposition, a spherical sample of r = 3.6 mm, which
contains approximately 21,540 particles (Fig. 1), is trimmed
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Figure 1. Schematic diagram of the sphere sample (21540 particles, e=0.686 0.689) and force line method for the
application of stress. Note that the actual applied force line is much more densely distributed.

from the deposit. To examine the homogeneity of the sam-
ple, four spherical zones with different radius are selected to
calculate the void ratio (Fig. 1). The void ratios of these four
measure zones are consistent, ranging from 0.686 to 0.689.
This sample is used for all simulation in the article. The
sphere shape of the specimen is chosen for the convenience
of the application of rotational principal stress boundary
condition, and to reduce boundary effects that would other-
wise be unavoidable for cubical shaped samples. The classic
Hertz elastic contact model is used to characterize the par-
ticle contacts. The friction coefficient between particles is
set to 0.5, damping is set to 0.2, Poisson’s ratio is 0.15 while
particle modulus is 2.5×108N/m2, which are selected based
on existing studies [Jiang et al., 2020; Xue et al., 2019].

The desired stress boundary condition was applied on
the spherical sample following the “force line” method pro-
posed by Fu and Dafalias [2012] in 2D and Xue et al. [2019] in
3D. In this method, the target stress value is directly applied
on the surface particles to allow for flexible control over
stress direction, rather than on rigid walls, as is often done
in DEM [Xue et al., 2019]. As illustrated conceptually in Fig.
1, force lines are uniformly distributed in three orthogonal
directions at interval ∆l , meaning that each force line is
applied on the area ∆l 2. Thus, the force value of each force
line is σ∆l 2, where σ is the target principal stress value. This
force is applied to the first particle that it comes into contact
with as the line intersects the sample. The interval∆l was
set to be smaller than the minimum particle radius to so
that boundary particles are all constrained. Xue et al. [2019]
showed that the method is effective in controlling the values
and orientation of the principal stress freely in 3D space.
For the numerical tests in this study, the sphere sample
was first consolidated under isotropic stress conditions,
and then loaded to the desired initial stress state. After that,
the designated stress paths were applied on the sample. All
tests are simulated under quasistatic conditions. The stress
within a DEM sample can be expressed using the forces of
particle contacts in the region as [Bagi, 1996]:

σi j = 1

V

∑
c ∈V

f c
i l c

j (1)

where σi j is the i , j component of the stress tensor over
volume V . f c

i is contact force at i direction. l c
j is contact

branch vector’s j component. With the stress tensor, devi-
atoric stress q and mean effective stress p are calculated
as:

p = σ1 +σ2 +σ3

3
(2)

q =
√

(σ1 −σ2)2 + (σ2 −σ3)2 + (σ1 −σ3)2

2
(3)

where σ1,2,3 are the three principal stress values, from major
to minor.

The determination of the strain of the entire sample can
be obtained from an equivalent continuum corresponding
to the granular sample [Bagi, 1996]. In a continuum, the av-
erage strain increment tensor expressed as Eq. (4), and Eq.
(5) can be derived using Gauss’ law:

dεi j = 1

V

∫
V

dεi j dV (4)

dεi j = 1

2V

∫
S

(dui n j +du j ni )dS (5)

where S is the surface area of the equivalent continuum and
V is the volume of sample. dui is the i component of the
displacement vector and ni is the i component of the unit
vector which points outward from the surface. For a discrete
system, the equivalent continuum can be generated as a
convex hull of the Delaunay tessellation based on selected
boundary particles [Xue et al., 2019], consisting of numer-
ous triangles. Therefore, the average strain increment tensor
can be expressed as Eq. (6) [Xue et al., 2019]:

dεi j = 1

2V

Nt∑
k=1

(duk
i nk

j +duk
j nk

i )Sk (6)

where Nt is the number of triangles on the convex hull. d~uk

and~nk are the displacement vector and the outward normal
unit vector of the kth triangle, respectively. Sk is the area of
kth triangle.

The deviatoric strain tensor ei j can be calculated from
the strain tensor εi j :
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ei j = εi j − 1

3
εkkδi j (7)

The equivalent shear strain can thus be defined as:

γ=
√√√√2

3

3∑
i=1

3∑
j=1

ei j ei j (8)

Considering the sphere particles, the contact normal fab-
ric tensor is used to describe the anisotropy of the sample,
defined as [Satake, 1982]:

Fi j = 1

N

N∑
k=1

vk
i vk

j −
1

3
δi j (9)

where Fi j is the i , j component of the average deviatoric
contact fabric tensor over contact number N . vi is the i
component of unit contact vector. δi j is the Kronecker
delta. The initial anisotropic state of the sample is also
measured through Eq. (9):

F0 =
−0.00943 0.00118 −0.00248

0.00118 −0.00653 0.00083
−0.00248 0.00083 0.01587

 (10)

where Fzz =0.01587, obviously larger than Fxx and Fy y , im-
plying that the dominant direction of contact is close to z
direction (gravity direction).

3. Stress value and orientation
change within a fixed plane

3.1. Stress path
The response of granular material under three types of

idealized stress paths where the principal value or/and ori-
entation change within a fixed plane is first investigated. 7
tests are conducted, as shown in Table 1, where qmin and
qmax are the minimum and the maximum deviatoric stress
during test, respectively. Three types of stress paths are ap-
plied, namely “straight-line”, “circular”, and “8-shaped”. The
stress paths are visualized in Fig. 2 in both τ−σ space and
in 3D space, where the green lines represent the trajectory
of the major principal stress, the x − y plane is the bedding
plane of the sample, and the z axis is perpendicular to it. The
samples are first isotropically consolidated to a mean stress
p of 100 kPa for all stress paths. The major principal stress
vector follows such a sequence of S1-S2-S3-S4-S1 in all tests.

Under the straight-line stress path, only principal stress
value change is applied, where σ2 is kept constant as the in-
termediate principal stress in the y direction and the other
two principal stresses remain in the x − z plane (Fig. 2 (a)).
During cyclic loading after consolidation, in the first half cy-
cle, the angle between σ1 and the positive x direction is 45°,
and σ1 increases until deviatoric stress q reaches the peak
value at 1/4 cycle (S2) and then decreases until q is 0 kPa
at half cycle (S3). In the second half cycle, σ1 transitions to
be perpendicular to its previous orientation, at an angle of
135° with respect to the positive x direction. This stress path
is consistent with that of cyclic shearing within the bedding
plane after isotropic consolidation.

In the case of circular stress path, only stress axes ori-
entation change occurs, without any principal stress value
change (Fig. 2 (b)). After isotropic consolidation, the devia-
toric stress q is increased to 30 kPa or 50 kPa according to
Table 1, under constant p, where σ3 is in the x direction,
σ2 is in the y direction, and σ1 is in the z direction. Dur-
ing circular stress path loading, the principal stress values
are then kept constant and one of the principal stress axis is
fixed while the other two rotate around it clockwise contin-
uously.

In order to investigate the joint effect of principal stress
value and orientation change, the “8”-shaped stress path is
designed where both principal stress value and orientation
change occur (Fig. 2 (c)). This type of loading initiates from
the consolidated isotropic stress state, andσ1 increases dur-
ing the first 1/4 cycle as σ1 and σ3 rotate around σ2 clock-
wise, resulting in increased deviatoric stress q while p re-
mains constant. After q reaches its peak value at 1/4 cycle,
andσ1 decreases until q is 0 kPa at 1/2 cycle. This is repeated
during the second half cycle, and then on for further cycles.

For test series 1 and 2 in Table 1, the change in princi-
pal stress value and orientation only occurs within the x − z
plane, as shown in Fig. 2 (a), (b), and (c). For comparison,
test HS-50-50-R where the principal stress axes are rotated
within the x−y plane is also conducted (Fig. 2 (d)). In all sim-
ulations, the mean stress remains 100 kPa, while the peak
deviatoric stress qmax is 30 kPa and 50 kPa in series 1 and 2,
respectively.

3.2. Deformation
The volumetric strain development for the tests in Table

1 are illustrated in Fig. 3. Continuous contractive (positive)
volumetric strain is observed for all the stress paths, while
oscillations are also observed within each cycle. The most
significant volumetric strain accumulation occurs within
the first several load cycles, with the volumetric strain
within the first three cycles accounting for more than 40%
of that after 30 load cycles in all cases. Such accumulation
would slow down and the volumetric strain would reach an
asymptotic state [Wang et al., 2019b; Xue et al., 2019]. Al-
though the amplitude of deviatoric stress value change is the
same for the three types of stress paths in series 1 and 2, re-
spectively, distinctly different volumetric strain is observed.
The volumetric strain under the straight-line stress path
with only principal stress value change is the smallest (L-0-
30-F and L-0-50-F), while that under the circular stress path
with only principal stress orientation change is the greatest
(S-30-30-R and S-50-50-R). The volumetric strain of L-0-30-
F is comparable with the tests of Wichtmann and Knittel
[Wichtmann and Knittel, 2020]. Interestingly, the volumetric
strain under the “8”-shaped stress path with both principal
stress value and orientation change is between the other
two. These results agree qualitatively with the undrained
cyclic torsional tests by Towhata and Ishihara [1985], which
showed that the liquefaction resistance of sand under a
half- “8”-shaped stress path is lower than straight-line stress
path. Also, comparison between the results of series 1 and
2 show that greater deviatoric stress amplitude produces
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Figure 2. Stress paths for tests of stress value and orientation change within a fixed plane: (a) Straight-line; (b) Circu-
lar; (c) “8”-shaped; (d) Circular (Horizontal).

greater volumetric deformation under the same type of
stress path. For L-0-30-F and S-30-30-R, owing to small

shear stress ratio, there is very little plastic volumetric strain
accumulation for L-0-30-F and more plastic deformation is
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Table 1. Numerical simulations.

Test series Test ID Stress path type qmin (kPa) qmax (kPa) p (kPa)

1 L-0-30-F Straight-line 0 30 100
S-30-30-R Circular 30 30 100
B-0-30-R “8”-shaped 0 30 100

2 L-0-50-F Straight-line 0 50 100
S-50-50-R Circular 50 50 100
B-0-50-R “8”-shaped 0 50 100

3 HS-50-50-R Circular (Horizontal) 50 50 100

Figure 3. Volumetric strain for tests of stress value
and orientation change within a fixed plane: (a) series
1; (b) series 2 and 3.

induced under principal stress orientation change, resulting
in large difference between L-0-30-F and S-30-30-R. When
the shear stress ratio increases, the plastic strain of the
sample significantly increases for the fixed stress orienta-
tion loading case(L-0-50-F), resulting in smaller difference
between L-0-50-F and S-50-50-R. It shows that the stress
amplitude is also an important influence factor.

The volumetric strain of S-50-50-R and HS-50-50-R can
be compared in Fig. 3 (b). The difference between the two
tests is the different principal stress orientation rotation in
3D space. The sample is more easily to be compressed when
the major principal stress is rotated to horizontal plane,
which is achieved in S-50-50-R. When the major princi-
pal stress is in the vertical direction, the sample is more
difficult to be compressed, in HS-50-50-R. Therefore, the

volumetric strain under S-50-50-R is much greater than that
of HS-50-50-R.

Fig. 4 plots the equivalent shear strain of all tests. Shear
strain also accumulates with continuous loading, yet with
stronger oscillation than that of the volumetric strain during
each cycle. Similar to the volumetric strain, the greatest
shear strain is observed under the circular stress path, while
the smallest is observed for the straight-line stress path.
Greater deviatoric stress leads to greater deviatoric strain
under the same type of stress path. Similar to volumetric
strain, the plastic sliding is triggered with greater deviatoric
stress amplitude, resulting in larger plastic deformation
accumulation. Fig. 4 (b) also shows that the shear strain
under S-50-50-R is much greater than that of HS-50-50-R,
following the same pattern as that of the volumetric strain.

These results show that the change in principal stress ori-
entation coupled with principal stress value change can sig-
nificantly affect the deformation of granular materials. Also,
the comparison between series 3 and 2 indicates that the
deformation of granular material under stress paths in 3D
space can be rather different to that of idealized fixed plane
or 2D cases. Owing to anisotropy of the deposited sample,
shear can occur more easily within the deposit bed. Thus,
greater deformation is observed under S-50-50-R.

3.3. Macroscale and microscale causes for
the difference in deformation

In order to reveal the reason for different deformation
patterns observed for the different types of loading, the
shear modulus and dilatancy under the four types of stress
paths are evaluated, along with some contact-based mi-
croscale quantities. The shear modulus is defined as:

G =

√
3∑

i=1

3∑
j=1

dsi j dsi j

2

√
3∑

i=1

3∑
j=1

dei j dei j

(11)

where dsi j is the increment of deviatoric stress tensor si j ,
obtained from stress tensor:

si j =σi j − 1

3
σkkδi j (12)

Fig. 5 shows the evolution of shear modulus for the three
test series. The comparison of shear modulus between the
various tests agrees with that of the shear strain in Fig. 5, as
one would expect. The shear modulus oscillates within each
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Figure 4. Shear strain for tests of stress value and ori-
entation change within a fixed plane: (a) series 1; (b)
series 2 and series 3.

load cycle, and there is also generally a trend of decrease
to reach a stable value in shear modulus as the loading
advances, which is more obvious for the tests with greater
deviatoric stress amplitude, i.e., series 2. The samples that
undergo circular stress path in the vertical plane (S tests)
exhibit the lowest shear modulus, resulting in the great-
est deviatoric strain, while the samples subjected to the
straight-line stress path exhibit the highest shear modulus,
corresponding to the smallest deviatoric strain in Fig. 5. Test
HS-50-50-R yields higher shear modulus than S-50-50-R
(Fig. 5 (b)), resulting in the smaller shear deformation in
Fig.4.

The non-coaxial phenomenon, which refers to the non-
coaxiality between strain increment and stress, is an impor-
tant observation when principal stress orientation change
occurs [Ishihara and Towhata, 1983], and has often been
considered to be a major contributor to the deformation of
granular materials under such loading conditions [Wu et al.,
2021]. Here, the definition of non-coaxial angle ψ is used
as the relative orientation of major principal eigenvector of
stress and major principal eigenvector of strain increment
within the plane generated by major principal eigenvec-
tor of stress increment and major principal eigenvector of
strain increment. The greatest ψ is observed for the circular
stress path in the vertical plane, and that of the “8”-shaped
stress path comes in between the circular stress path and
the straight-line stress path, which follows the same pattern

Figure 5. Shear modulus for tests of stress value and
orientation change within a fixed plane: (a) series 1; (b)
series 2 and 3

as deformation in Fig. 3 and Fig. 4 and is opposite to the
pattern of shear modulus in Fig. 5. In S-30-30-R, the devia-
toric stress is constant at q = 30 kPa while the orientation of
the principal stress changes, and non-coaxial angle shows
small oscillations around 42°, and reaches its peak when
major principal stress is rotated to the horizontal plane.
However, In B-0-30-R, the deviatoric stress value changes as
the principal stress orientation changes, resulting in violent
fluctuation of non-coaxial angle. When the major principal
stress is rotated to the horizontal plane, the deviatoric stress
is 0 kPa, resulting in a small non-coaxial angle. For circu-
lar stress path in the horizontal plane, HS-50-50-R yields
smaller ψ than S-50-50-R. This suggests that, for the same
sample under different stress paths with the same deviatoric
stress amplitude, the shear modulus and deformation of the
material is strongly associated with the non-coaxial angle
between strain increment and stress.

On the microscale, the mobilized interparticle friction is a
factor that would be directly associated with the shear defor-
mation and modulus of the granular material. Here, a fric-
tion mobilization index is used to quantify the contact slid-
ing conditions:

Im =
∣∣ ft

∣∣
µt fn

(13)
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Figure 6. Non-coaxial angle for tests of stress value
and orientation change within a fixed plane: (a) series
1; (b) series 2 and 3

where µt is the friction coefficient between two particles,
ft is the tangential contact force and fn is the normal con-
tact force. Im = 1 indicates sliding contact. Fig. 7 shows the
fraction of contacts where the friction mobilization index is
large than 0.9 for all of the tests, which indicates the percent-
age of contacts that are sliding or close to sliding. It can be
observed that more contact sliding is mobilized under cir-
cular path compared to the other two stress paths, resulting
in smaller shear modulus and larger deformation, while the
least contact sliding occurs for the straight-line stress path.
For test series 3, under HS-50-50-R stress path, fewer con-
tacts are mobilized than S-50-50-R, leading to higher shear
modulus.

These analyses indicate that as stress orientation and
value change, the mobilized friction within the contacts
can change significantly at the microscale, resulting in the
macroscale phenomenon of non-coaxiality and thus af-
fect the shear modulus and shear deformation of granular
material.

As the mean effective stress remains unchanged in all of
the tests, the volumetric strain is caused by the dilatancy of
granular material, which refers to the volumetric strain gen-
erated via shear, quantified as:

D = ∆εv

∆γ
(14)

Figure 7. Fraction of contacts where Im > 0.9 for tests
of stress value and orientation change within a fixed
plane: (a) series 1; (b) series 2 and series 3

Fig. 8 shows the dilatancy under the three kinds of stress
paths for the first ten load cycles. During the first two load
cycles, relatively strong positive dilatancy (positive refers to
contraction) is observed under the circular and “8”-shaped
stress paths, whereas the initial positive dilatancy is not as
strong under the straight-line stress path. The dilatancy in
the first load cycles of series 2 is greater than that of series
1, as greater deviatoric stress amplitude is applied. Also, for
HS-50-50-R stress path, during the first several cycles, the
positive dilatancy is smaller than S-50-50-R, causing smaller
volumetric deformation. After 2-3 load cycles, dilatancy be-
gins to oscillate around zero for all the stress paths, agreeing
with observations in Fig. 3 that volumetric strain stabilizes
after a few load cycles.

The difference in dilatancy for the three types of stress
paths lies within the influence of anisotropy [Miura et al.,
1986b]. Wang et al. [2019a] showed that the relative orienta-
tion between loading and fabric anisotropy can significantly
affect the dilatancy of granular material, triaxial tests on
samples with greater bedding plane angles yielded greater
initial positive dilatancy. To assess the influence of fabric
anisotropy, Initial Fabric Anisotropy Variable A is used to
quantify the relative angle between the deviatoric strain
increment tensor and initial contact normal fabric tensor:

A = de i j F 0
i j (15)
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Figure 8. Dilatancy for tests of stress value and orientation change within a fixed plane: (a) series 1; (b) series 2 and
series 3

where dei j and F 0
i j are the deviatoric strain increment ten-

sor and initial contact normal fabric tensor, respectively.
Positive A generally means that the deviatoric strain in-
crement is more aligned with initial contact normal fabric.
Here, the initial fabric tensor is used rather than the cur-
rent fabric tensor because when the stress rotates within
the bedding plane for the HS-50-50-R test, the weak initial
anisotropy within the bedding plane would easily evolve
under such stress path, affecting the interpretation of the
data.

Fig. 9 shows the scatter plot of dilatancy against A at the
1st, 10th and 20th cycle for the three different types of stress
paths, along with the linear fit of the first cycle. It shows
that there is generally more contraction tendency when A
has a greater negative value. The linear fit between D and
A are also plotted in Fig. 9, with the slope of the D-A fit
being negative for all the cases, except for L-0-50-F, where A
remained almost constant. These findings are in agreement
with existing studies on stress paths with only principal
stress value change [Wang et al., 2019a]. It is worth pointing
out that the variation range of A under straight-line stress
path is much smaller than that in the other two cases and
oscillates at approximately zero even at the very beginning,
resulting in near symmetrical dilatancy with respect to zero,
and sign of the slope of the linear fit is not very meaningful.
When principal stress orientation change is included, the
variation range of A is expanded, D tends to be greater for
negative A under the circular and “8”-shaped stress paths,
indicating more contraction. This asymmetrical dilatancy
development due to anisotropy significantly affects volu-
metric strain accumulation. Although the dilatancy under
the circular and “8”-shaped stress paths are similar quanti-
tatively, the accumulated volumetric strain is greater under
the circular stress path due to the smaller shear modu-
lus and greater shear strain. For HS-50-50-R, the variation
range of A is also limited compared to S-50-50-R, resulting
smaller initial volumetric contraction. This shows that fabric

anisotropy plays a significant role in the dilatancy and vol-
umetric deformation of granular material, especially when
stress orientation change occurs along with value change.

4. Seismic Stress Path Simulation
4.1. Bidirectional seismic stress paths

Reality often yields even more complex stress paths in
3D space than those discussed in the previous section,
where stress value and orientation change within a fixed
plane. One typical case is seismic stress path. Cyclic shear
loads of two horizontal directions is often induced at the
same time in soil during earthquakes, as reported by several
studies [Ishihara and Yamazaki, 1980; Li, 1997; Zeghal et al.,
2018]. This can result in stress states similar to that shown
in Fig. 10 (a). As the two shear stress components change
independently, the orientation of stress changes in 3D space
accompanied by stress value change, and would be expected
to affect soil deformation according to the analysis in the
previous section. Here, a simplified bidirectional seismic
stress path acting on a soil element is represented by:

 σx τx y τxz

τx y σy τy z

τxz τy z σz

=
 p0 0 τ1 cosω

0 p0 τ2 sinω
τ1 cosω τ2 sinω p0

 (16)

For comparison, three other types of stress paths are
also simulated in companion to the stress path of test D-B,
including pure principal stress value change test D-F, pure
3D principal stress orientation change test D-R and pure
principal stress orientation with respect to σ2 test D-R2,
visualized in Fig. 10 (d)∼(f). These tests follow stress paths
that are simplified from that of test D-B to identify the
roles of principal stress value and orientation changes in
3D space. In test D-F (Fig. 10 (d)), only the principal stress
value change that occurs in test D-B is applied, without
any principal stress orientation. In test D-R (Fig. 10 (e)), the
principal stress value is kept constant as initial state of test
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Figure 9. Scatter plot of dilatancy versus A at 1st, 10th, 20th cycle for tests of stress value and orientation change
within a fixed plane: (a) series 1; (b) series 2 and series 3. The linear fit between dilatancy D and the initial fabric
anisotropy variable A for the first load cycle is also plotted for reference.

D-B, while principal stress orientation change follows that
of test D-B. In test D-R2 (Fig. 10 (f)), principal stress orienta-
tion change is restricted to the plane perpendicular to σ2, as
a comparison to real 3D stress rotation, while the principal
stress value is kept constant as D-R. Also, quasistatic simula-
tions are conducted here instead of the real time dependent

dynamic process of earthquakes to focus on the combined
effect of principal stress value and direction change.

4.2. Deformation
The volumetric strain development for the tests in Fig. 10

is illustrated in Fig. 11 (a). Similar to the situation in the tests
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Figure 10. Stress paths for bidirectional seismic stress path tests, including bidirectional seismic stress path test D-B,
pure principal stress value change test D-F, pure 3D principal stress orientation change test D-R, and pure principal
stress orientation with respect to σ2 test D-R2.

stress value and orientation change within a fixed plane,
continuous contractive (positive) volumetric strain is ob-
served with oscillations during each cycle. Most volumetric
accumulation occurs within the first several load cycles and
eventually the accumulation would slow down resulting in
stable volumetric strain. For the D-B, D-F, and D-R tests, the
smallest volumetric strain occurs in D-F with only principal
stress value change, while the most pronounced volumetric

contraction is observed in D-R with only principal stress
orientation change. This is consistent with the observations
in the previous section for stress paths within fixed planes.
For D-R and D-R2, slightly larger volumetric deformation
occurs in D-R2.

Fig. 11 (b) plots the equivalent shear strain of the tests.
Strong shear strain oscillation is observed within each cycle
with the greatest amplitude during the first few load cycles,
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Figure 11. Volumetric strain and shear strain of the
seismic load simulation stress paths tests D-B, D-F, D-
R, and D-R2.

which then reduces gradually to reach a stable level. Rapid
development of shear strain is observed within the first load
cycle, especially in tests D-B and D-R, and then shear strain
reaches an overall stable level, which is different to the slow
accumulation of shear strain in Fig. 4. The strain under test
D-B is between pure 3D principal stress orientation change
test D-R and stress value change test D-F, similar to the tests
of stress paths within fixed planes. In D-R2, the shear strain
is slightly larger than D-R during the first few load cycles.

The difference in deformation among tests D-B, D-F, and
D-R further shows that both the change in principal stress
orientation and principal stress value change can affect the
response of granular material in 3D space, with patterns
similar to those for the stress paths within a fixed plane.
On the other hand, the difference between D-R and D-R2
suggests that the deformation is also affected by whether
the principal stress is rotated freely in 3D or in a fixed plane.

4.3. Macroscale and microscale causes for
the difference in deformation

To better understand the cause of the deformation in
the 3D tests, the shear modulus and dilatancy, along with
microscale parameters, are evaluated. Fig. 12 (a) shows the
evolution of shear modulus for the tests. There is a rapid

drop of shear modulus within the first load cycle followed
by gradual increase again. The rapid drop of shear modulus
in the first load cycle matches the observation of rapid shear
strain development in Fig. 11 (b), while the later gradual
increase in shear modulus explains the gradual decrease in
shear strain oscillation amplitude. Corresponding to shear
strain, the lowest equivalent shear modulus is observed
in D-R test with pure principal stress orientation change,
while the highest is observed in D-F. This is associated with
non-coaxiality and contact sliding. As shown in Fig. 12 (b)
and (c), most contacts would be mobilized in D-R stress
path with the greatest non-coaxial angle, while the smallest
under D-F stress path. As for D-R and D-R2, similar contact
sliding can be observed, resulting in similar non-coaxial
angle and shear modulus, especially during first few cycles.
These results show once more that a greater non-coaxial
angle is associated with more mobilized contacts, which
would generate a lower equivalent shear modulus, resulting
in more significant shear strain.

Fig. 12 (d) shows the dilatancy for the 3D tests. During
first few cycles, only positive dilatancy is achieved under D-
B, D-R and D-R2 stress paths, which leads to the significant
volumetric contraction in Fig. 11 (a). Dilatancy under D-F
stress path is mostly oscillatory, leading to small volumetric
strain accumulation. After 10 cycles, dilatancy oscillates
around zero for all tests, resulting in stabilized volumetric
strain values. Even though larger dilatancy is observed for
D-B than D-R, greater volumetric contraction occurs in D-R
due to smaller shear modulus and greater shear strain (Fig.
11(b) and Fig. 12(a)). Slightly smaller dilatancy is observed
for D-R2 compared with D-R. However, the slightly lager
shear strain in D-R2 results in larger volumetric deforma-
tion.

Fig. 13 shows the scatter plot of dilatancy against initial
fabric anisotropy variable A at the 1st, 10th cycle for the 3D
tests and also the linear fit between D and A for the first cy-
cle. For all four stress paths, D is negatively affected by A
during the first load cycle. The variation range of A is lim-
ited for D-F stress path, similar to the case of fixed stress ori-
entation in Fig. 9, the sample experiences mostly oscillating
dilatancy and volumetric strain. As for the other three stress
paths, smaller value of A is achieved as the orientation of
stress changes, resulting in enhanced contraction and sub-
sequent accumulation of positive volumetric strain, similar
to the situation when principal stress is within a fixed plane.

According to the analysis from seismic load simulations,
the effect of principal stress value and orientation change
is highlighted again, and also emphasizes the need to con-
sider the changes in 3D space when assessing the behaviour
of granular material under realistic loading conditions.

5. Conclusions
DEM is used in this study to investigate the behaviour of
granular materials under complex 3D stress paths. Realis-
tic stress paths where the stress orientation and values vary
freely in 3D space is achieved for the first time, using the
force line method to realize arbitrary stress boundary con-
ditions.
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Figure 12. Shear modulus, non-coaxial angle, friction mobilization index and dilatancy of the seismic load simula-
tion stress paths tests D-B, D-F, D-R, and D-R2.

Under continuous cyclic stress paths within a given
fixed plane, granular material is observed to experience
continuous volumetric contraction and shear strain ac-
cumulation. The greatest deformation is observed under
circular stress path where the orientation of stress changes
while the principal values remain constant. The defor-
mation under straight-line stress path with only principal
stress value change exhibits the smallest deformation. Cor-
responding to shear strain, the shear modulus reduces
when principal stress orientation change is included, which
can be associated with increased contact sliding and non-
coaxiality. Under the same loading conditions, D tends to
be greater for negative A, and vice versa, indicating that
fabric anisotropy plays a major role in the dilatancy, and
subsequently volumetric deformation, of granular material
under the combined effect of principal stress value and
orientation change.

For real 3D stress paths, a bidirectional seismic load
simulation is conducted along with its variants for com-
parison. Similar patterns of influence by stress orientation
change on non-coaxiality, contact sliding, shear modulus
and shear strain is observed, as those in stress paths within
a fixed plane. The relationship between D and A becomes
more complex, but still generally shows that D tends to

be negatively affected by A. This results in asymmetrical
development of D for stress paths that incorporate stress
orientation change, causing the rapid accumulation of vol-
umetric strain within the first few load cycles. The results
indicate the necessity to consider the change of stress ori-
entation within 3D space when evaluating the behaviour of
soil under certain realistic stress paths.

The observations made in this study are from a limited
set of DEM numerical tests and do not exhaustively assess
all possible influence factors, like mean stress, void ratio and
particle shape, which warrant more in-depth investigations.
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