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Abstract. The dilatancy/contractancy of soil is of particular importance
for compaction, consolidation, liquefaction, etc. Interestingly, constitu-
tive relations are often unsatisfactory in modelling volume changes in
the sense that their predictions deviate considerably from each other.
This scatter is pronounced in problems with stress rotation. Therefore,
in this paper some selected constitutive relations are investigated with
respect to their performance at stress rotation. The obtained numerical
simulations are compared with each other and also with experimental
results from the 1v2¢ and the hollow cylinder apparatuses.
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1. Introduction

Soil is often exposed to a rotation of the principal stress
axes due to engineering work. For instance, in the case of
a shallow foundation with only a vertical load the stress in
the soil rotates (except at the symmetry axis). Furthermore,
the subsoil of offshore platforms is exposed to rotation of
the principal stress axes due to wave action, as Ishihara and
Towhata [1983] showed. Another example is deep vibro-
compaction. The vibroflot device implies a combination
of compression and shear waves, Fellin [2000], which also
induce principal stress rotations in the soil. As compaction
is the main issue in this case, a material model used in a
computation must predict volume changes due to principal
stress rotations. Its effect on soil behaviour and the corre-
sponding modelling have been investigated by Gutierrez
and Ishihara [2000], Gutierrez et al. [1991a,b, 1993], Gutier-
rez and Vardoulakis [2007], Gutierrez and Wang [2009],
Gutierrez et al. [2009], Pradel et al. [1990].

Conventional laboratory tests such as triaxial and oe-
dometer tests are so-called rectilinear extensions and,
hence, do not include rotation of principal stress axes.
However, some special apparatuses imply rotation of the
principal axes (e.g. the hollow cylinder apparatus, Ishihara
and Towhata [1983], the directional shear cell by Arthur
et al. [1980], or the 1y2¢ apparatus by Joer et al. [1992]). In
experiments with these apparatuses a volumetric change
of the sample is observed, although the stress invariants
remain constant.

Deformations induced by stress rotation can be calcu-
lated with advanced constitutive models. However, it turns
out that the obtained results deviate from each other within
a large range, although the models behave similarly in tri-
axial and even simple shear tests. Therefore, the simulation
of deformations induced by stress rotation turns out to be
important for the evaluation and verification of advanced
constitutive models. In this paper, we perform numerical
simulation of stress rotation using some selected constitu-
tive models (elasto-plastic, hypoplasic and barodetic ones)
and we compare the obtained results with results from the
1y2e apparatus and from hollow cylinders.

2. Constitutive models

The following constitutive models are investigated: Hard-
ening Soil with small-strain stiffness, Benz [2007] (HSS),
Sanisand, Taiebat and Dafalias [2008], Hypoplasticity,
Kolymbas [1985, 1991] in the formulation of von Wolf-
fersdorff [1996] with and without the extension of Niemunis
and Herle [1997] for intergranular strain (Hypo i.s.) and
Barodesy, Kolymbas [2015].

2.1. Hardening Soil with small-strain
stiffness

Hardening Soil is an elastoplastic constitutive relation
with shear and compression hardening. It does not use the
void ratio e as a state variable. Hence, it does not include the
concept of critical state soil mechanics.

The model predicts a decreasing stiffness for initial load-
ing, due to hardening. For a calculation starting from an
isotropic state the yield surface coincides with the isotropic
axis. With ongoing shearing the yield surface is inflated until
it reaches the Mohr-Coulomb yield surface. In the case of
unloading, as for the reloading, the response is elastic until
the yield surface is reached again.

To realistically describe hydrostatic loading, the model
uses a cap. The small-strain stiffness is introduced with a
small-strain overlay into the model. For small-strain cy-
cles the shear stiffness depends only on the strain history,
whereas for larger strains it is stress-dependent.

2.2. Sanisand

Sanisand is an elastoplastic model that incorporates the
concept of critical state soil mechanics and of bounding sur-
face plasticity. It uses a narrow wedge that forms the yield
surface and two further surfaces in the stress space. They
define a limit surface for admissible stress states, as well as a
dilatancy surface which determines the plastic strain rate.

The shape of these surfaces is the same as the critical
state surface, however, their size depends on the actual void
ratio. For dense soil (in the sense of critical state theory)
the bounding surface in principal stress space comprises
the critical state surface, and the dilatancy surface is nested
therein. For loose samples the bounding surface is smaller,
and the dilatancy surface is larger than the critical state sur-
face. For critical states the bounding and dilatancy surfaces
coincide with the critical one.

2.3. Hypoplasticity

Hypoplasticity uses a rate equation to calculate the ob-
jective stress rate T and does not distinguish between elastic
and plastic deformations. Hence, Hypoplasticity needs nei-
ther yield surface nor plastic potential. In general, Hypoplas-
ticity can be written as

T=nTD,..)=%:D+N|D| . 1)

Here, £ denotes a fourth-order tensor for the linear term
and N a second order tensor for the nonlinear term of the
hypoplastic function h. Due to the linear and the nonlinear
terms, the stiffness for loading and unloading is different.
The function h is homogeneous of degree n in stress, T, i.e.
the stiffness is stress-dependent, and positive homogeneous
of degree one in the rate of deformation, D, i.e. Hypoplastic-
ity is rate-independent. Furthermore, in all recent versions
the void ratio e is an additional variable and this enables to
incorporate the concepts of critical state soil mechanics.

2.4. Barodesy

Barodesy is a constitutive model recently introduced by
Kolymbas [2012]. It is based on the asymptotic behaviour of
soil and on critical state soil mechanics. Just like Hypoplas-
ticity, Barodesy needs neither yield surface nor plastic po-
tential and can be written as a single tensorial equation.

2.5. Calibration and comparison

To compare the different models initially various labo-
ratory tests are computed: a drained triaxial test, a simple
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Table 1. Material parameters of Sanisand for Toyoura q (kPa)
Sand Taiebat and Dafalias [2008] y
—— 200 -
Go Ky ad c ey A ¢ n
125kPa 150kPa 1.2 0.712 0.934 0.019 0.7 21 150
100 - _ %%,%‘(S,and
Hypoi.s.
Aq nP ho Ch pr Oc ] 50 1 Barodesy
0.4 1.25 36.96 0987 5.5MPa 0.37 0.18 0.8 61}%)

Table 2. Material parameters of Hardening Soil Small
(calibrated for Toyoura Sand from Verdugo and Ishi-
hara [1996])

ref ref ref
Eso Eoed Eur m-c ¥ Y Figure 1. Stress-strain and volumetric strain curves
30MPa 30MPa 120MPa 0.6 OkPa 33° 4° for different constitutive models compared with a tri-

axial test in Verdugo and Ishihara [1996]
Vur pmf K(I)lc Ry OTension Eaef Yo.7
0.2 100kPa 0.46 09 OkPa  300MPa 00002 712 (P
---HSS
Table 3. Material parameters of Hypoplasticity in the 00T — %%,Iggand
version of von Wolffersdorff, Herle [1997] Hypo i.s. e
300 + Barodesy -7

@c  hs n e eon 6o «a B

30° 2.6GPa 0.27 0.61 0.98 1.10 0.18 1.00

Table 4. Material parameters of Barodesy (prelimi-
nary calibration for Toyoura Sand from Verdugo and
Ishihara [1996])

Pc C2 €3 C4 Cs  €co

30° 1.3 -1.5 2MPa 40 0.93 0.55

€min

shear test with constant volume and a simple shear test with
constant normal stress are simulated with Toyoura sand
by Verdugo and Ishihara [1996]. The material parameters
for the calculation can be seen in Tables 1, 2, 3 and 4. For
Sanisand and Hypoplasticity parameters from literature
(Taiebat and Dafalias [2008] and Herle [1997]) are used.
Hardening Soil and Barodesy are calibrated with results of a
triaxial test from Verdugo and Ishihara [1996].

The consolidation pressure of the triaxial test is 100 kPa
and the initial void ratio eg is 0.831. The results of the nu-
merical computation can be seen in Figure 1. Taking into ac-
count the experimental scatter, Schwiteilo and Herle [2017],
all models perform well.

In the simple shear test with constant volume the sample
is loaded with a vertical load of 100 kPa, the lateral pressure
is set to 50 kPa (which corresponds to a Ky-state). The initial
void ratio is the same as in the triaxial test (eg = 0.831). The
stress evolution is shown in Fig. 2. The differences are more
pronounced than for the drained triaxial test.

200 +

100 +

Y f%)

Figure 2. Stress-strain curves for a simple shear test
with constant volume obtained with different consti-
tutive models

For the simple shear with a constant vertical stress the
initial conditions are the same as in the simple shear test
with constant volume. In Fig. 3 the results of this test are
shown. The differences of the stress are in the same order as
in the drained triaxial test. Note that the volumetric changes
almost coincide in this test.

3. Kinematic analysis of the
deformations

The deformation is described by equations 2 using the func-
tions g(#) (in vertical direction) and h(?) (in horizontal direc-
tion), while the shear deformation is described by f(¢), see
Fig. 4. In the simulation of the principal stress rotation the
out-of-plane normal stress o33 is constant, and the strain in
direction x3 has to be calculated. The axial deformation in
this direction is described by the function d(t), Fig. 5. The
other two shear deformations in the x;-x3 and the x-x3-
planes are not of interest for the considered motion.
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Figure 3. Stress-strain and volumetric strain curves
for a simple shear test with constant normal stress ob-
tained with different constitutive models

X2

Figure 4. Deformation in two dimensions

A material point being at X at £ = 0 moves to the position
x(t) with

x1(0)=X1+X1h() + X f (1)
X2(1) = Xo + Xo8(1) 2
x3(8) = X3 + X3d (1)

The corresponding stretching tensor D is obtained from

D =sym(Vx) 3)
and reads
_ho fasw-hf o
1+h o 2(0+R)(1+g)

D=|/fa+th-hf & 0 (4)

2(1+h)(1+g8) 1+g ]

d

0 0 Tid

and the spin tensor W is

0 f(1+h)—]’lf 0

o 2(1+h)(1+g)
W= | hf-fa+h o ol - 5)
2(1+h)(1+g)
0 0 0

The dot over a function denotes its time derivative.

Figure 5. Kinematic of deformation in three dimen-
sions

The objective stress rate is expressed by means of the
Jaumann-Zaremba rate, Truesdell and Noll [1992]

T=T-wT+TWwW (6)

where T is the time derivative of the stress, T is the objective
stress rate from the constitutive relation and T is the actual
Cauchy-stress.

For the simple shear test with constant volume the ho-
mogeneous deformation is kinematically prescribed. There-
fore the unknowns in the calculation are the time derivatives
f(t), £(8), h(t) and d(t). They can be merged in the vector a

f
g(1)
h(t)
d(o

a(t) = @)

In stress controlled simulations for a given time step At the
stress rate T(z) is prescribed. For Hypoplasticity and Baro-
desy with the known actual stress state T'(¢) the deformation
a(t) and its estimated time derivative a yield the stress rate
T(a). The vector a(t) is determined with Newton’s method.

The stress T(¢) is given by (20) and the rotation angle 6 =
tw, where w is the angular velocity of the rotation. The rate
of the deformation functions a() is searched to determine
the deformation. In each time step Af from ¢; to t; + At we
know the stress rate

Tt;i+AD-T(;) Tiga—T;
At At

and have to find the corresponding time rates of the defor-
mation functions f , 8, i and d from (4), which are collected
in the vector a (7). We employ Newton’s method for this task
and denote each iteration with the superscript (n) and each
time step with the subscript i.

The firstiteration n = 0 starts with an estimated alﬁ’” .With

T(t;) = =T; 8

this estimation D (dgn)) and W (dgn)) are calculated with (4)
and (5). At the beginning of the calculation a(t = 0) = 0
holds. The stress rate Ti(”) is calculated by

7" =1, D(a"), B) + W (&) ;- Tiw (&) , (@)

] l
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where E; are internal variables at the beginning of the time
step, e.g. the void ratio e;. The residuum RE") is the differ-
ence between the prescribed stress rate T; and the obtained
stress rate T(") (D( '(”)) ) W( '(")) Tl-,E,-) in the n™ iteration

of the i time step. The new estimation of a; "+ s calcu-
lated by
; -1
oT;
S(n+1) _ (1) L am) (n)
A" = g - (a_ai (ai )) R! (10)

If the norm of R;”) is smaller than a given tolerance, dg") is

accepted and a time integration with this a; is performed

a1 =a(tiy) =a(t;)+alt=a; + a;\t an

The deformation x;,1, the stress T;,; and the internal vari-
ables E; follow in a similar way.

Since the deformation also contains a rotation, a time in-
tegration of the stretching in the form of €4, = €; + D;At is
not correct. To get the correct logarithmic strain (also known
as true or Hencky strain) in the reference configuration, the
stretching has to be rotated back into this reference config-
uration. Hence, the true strain €;,; is calculated with D; (4)

€iv1= €+ Q] D;iQ;At (12)
Here Q; is the rotation matrix of F;, where
ox
Fi:a_X:QiUi:ViQi- (13)

In the case of Sanisand a different approach has to be
used. Since in Sanisand, Taiebat and Dafalias [2008], the
stretching D is the dependent variable D = f (TD‘, T,...), the
objective stress rate T # T, see (6), has to be determined
with Newton’s method.

Here the objective stress rate f’l.(n) is estimated in the
first iteration step. This results in a stretching tensor

DE.”) = f(T(”) T,,El) from which the components of a(")
can be calculated using

R =DP0+h) (14)
g =DY1+g) , (15)
d"™ =D (1+d;) and (16)
. 2DV (1+hy)(1+gi) + h"
00 = i Ji . a7

! 1+ h;
With known ag'” =a (f‘i(”)) the spin tensor Wl.(”) =w (dﬁ”)) =

w (d (Tl("))) and the stress rate Ti(”) can be calculated with
(5) and

T ="+ w" T, - ;W (18)
The new estimation for T(”“) is calculated by
oT;
FOrD = i _ (aTl (Tl(”))) R" (19)
14

T(”)

than a given tolerance, Tl.(") and a; are accepted as solutions,
we further proceed like for the other models.

Again, if the norm of the residuum R(”) T; is smaller

4. Rotation of principal stresses with
a ly2¢ apparatus

In this section, some results of tests with the 1y2¢ apparatus,
Joer et al. [1992] (schematic sketch in Fig. 6) are compared
with numerical simulations with the above chosen constitu-
tive models.

4.1. Testing device

The apparatus consists of a parallelogram (OABC), which
encloses the sample. The parallelogram can undergo hor-
izontal and vertical elongations and a shear deformation
(tilting of sides AB and CO). The sides AO and BC remain
horizontal and the sides AB and CO remain parallel dur-
ing the deformation. Therefore, four motors are necessary,
which control the elongations. The point O is fixed. Each
side consists of six comb-shaped segments, interlocked in
such a way that they maintain the continuity of the side.

The four sides are linked with hinges in such a way that
they can be tilted. Shear strain is imposed by applying a hor-
izontal displacement at the center of AB by a fifth motor, so
that the side tilts around A and, correspondingly, the side CO
around O.

The corners B, C and O are equipped with strain-gauged
hinges consisting of two complete strain-gauge bridges
placed inside a cylinder. This allows measurement of the
forces applied at each corner in horizontal and vertical
directions, Fig. 7. Assuming homogeneous stress in the
sample, the stress state can be determined from the applied
forces.

The deformation is controlled by the velocities imposed
by the motors. Strain paths can be easily prescribed, since
the deformation is controlled. In our case we have stress
path control and this requires the use of servo-control,
where the deformation is adjusted according to the mea-
sured forces.

Schneebeli cylinders of polyvinyl chloride (PVC) with
different diameters (1.5, 3 and 3.5 mm), which can be seen
as a two dimensional analogous material to soil, Schneebeli
[1956], are used in these tests. Joer et al. [1998] give no
further description of the material and its initial state at the
test. Hence, it is not determinable if the sample was in a
dense or loose state.

4.2. Stress path

The complex cyclic shear tests with constant principal
stress values, Joer et al. [1998], are numerically simulated.

The sample is initially loaded with a vertical stress
022 = Omax = 90kPa and lateral stress 011 = Omin = 50kPa.
Omax, Tint and opin denote the maximum, intermediate
and minimum principal stresses, respectively. The sample
is deformed in a way that the directions of the principal
stresses rotate while their values remain constant. This
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Figure 6. Schematic diagram of the 1v2¢ apparatus
(from Joer et al. [1998])

- System of
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~ Dynamometrical axe

Fixed trolley

Figure 7. Deformed configuration of the 1v2¢ appa-
ratus with force measurements

160 T T T T
— 011
---= 022
120 e g12 |
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Number of cycles and rotation angle in rad

Figure 8. Prescribed stresses in the 1+2¢ apparatus

stress evolution can be described by the following equations

OmaxtOmin  Omax — Omin

011 = 2 - cos0,
OmaxtOmin  Omax — Omin

099 = 5 cosf and (20)
Omax ~Omin .

o2 = sinf

(cf. Figure 8). 8 denotes the angle of the rotation. Note that

-0-25

0:25

_
£, %

o t@:;;/a’
N N
125 T T T
—4 -2 0 2 4 6 8
Vit %0

Figure 9. Volumetric strain vs. shear strain, experi-
mental results, Joer et al. [1998]

the directions of the principal stresses omax and omin are
variable, whereas the direction of i, is fixed and coincides
with the x3-direction.

The numerical simulations are conducted as element
tests. A further assumption has to be made for the boundary
condition in the out of plane direction (x3 in Fig. 5). The out
of plane stress has to be constant to keep the invariants of
the stress tensor constant. Starting from an isotropic stress
state (mean effective stress omax = Tint = Omin = 30kPa)
the stress is anisotropically increased to oy = 90kPa and
Oint = Omin = 50kPa.

The finite element program PLAXIS is used for the simula-
tion of Hardening soil since this model is not explicitly pub-
lished. All other calculations are conducted with MATLAB.

4.3. Results

The volumetric strain (ey = €11 + €22) is plotted versus the
shear strain (y = 2¢12), Fig. 9. An overall decrease of the vol-
ume can be seen in the laboratory test.

The numerical results of the two elastoplastic constitu-
tive models (Sanisand and Hardening Soil) are shown in Fig-
ure 10. The Hardening Soil Model (Fig. 10a) does not show
any volumetric response. Contrary, Sanisand is able to re-
produce the compaction qualitatively (Fig. 10b). Both hy-
poplastic and barodetic models are able to reproduce a com-
paction, Fig. 11 and 12. None of the models is able to repro-
duce the dilatation at the start of the test and at the end of
each cycle.

In Fig. 13 to 17 the volumetric and deviatoric strains are
plotted versus the number of cycles. In these plots all strain
components are considered, i.e. the volumetric strain is de-
fined as &y = €11 + €22 + £33 and the deviatoric strain as £q =

Stre? withe=¢- 1,1

5. Rotation of principal stresses with
a hollow cylinder apparatus

A rotation of principal stresses can also be applied in a hol-
low cylinder test (e.g. Broms and Casberian [1965], Ishihara
and Towhata [1983], Miura et al. [1986], Tong et al. [2010],
Yang et al. [2007]). A schematic sketch of a hollow cylinder
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Figure 10. Results of the simulation with the two

elastoplastic constitutive models
Figure 13. Volumetric and deviatoric strains in the

12¢-simulation with Hardening Soil Small
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is shown in Fig. 18. The soil sample is loaded with an axial
force, W, an inner pressure, pj, an outer pressure, p, and
also a torque T.

Figure 15. Volumetric and deviatoric strains in the
1~y2e-simulation with Hypo
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Figure 16. Volumetric and deviatoric strains in the
172e-simulation with Hypo with intergranular strain

4-8 T T T T _

3.6 1
S :
N

1.2 ]

,~’/
1N
0 0 y 1 1 1 1
"0 3 12 15

6 9
Number of cycles

Figure 17. Volumetric and deviatoric strains in the
172e-simulation with Barodesy

Orr =0int

Figure 18. Schematic sketch of a hollow cylinder test

It is not possible to measure the stress in the sample
directly and the stress is not constantly distributed in the
specimen, e.g. for different inner and outer pressures the
radial stress changes from p; to p, along the wall thickness.
To compare the results of the laboratory test, averaged
stresses are used. Hence, some assumptions on the stress
distribution and the material behaviour are necessary. In
the literature several solutions can be found, depending on
whether the averaging of the stress is made over the thick-
ness of the wall (e.g. Hight et al. [1983], Miura et al. [1986]
and Yang et al. [2007]) or the volume (e.g. Naughton and
O’Kelly [2007] and Sayao and Vaid [1991)), if it is assumed

0.0

Volumetric strain, £, (%)

0.8

(c) test series [l  D~70% p'=100kPa ¢/p'=0.994

o

10 12 14 16 18 20 22 24 26 28 30
Number of cycles, N

Figure 19. Volumetric strain vs. numbers of cycles in
a hollow cylinder test with Toyoura Sand from Tong
etal. [2010]

that the cylinder is thin-walled (Yang et al. [2007]) or thick-
walled (Naughton and O’Kelly [2007]), or if the stresses are
calculated for a linear elastic material (Hight et al. [1983]),
partially plastic (Sayao and Vaid [1991]) or an average of
elastic and plastic solutions (Yang et al. [2007]). In general,
the differences of the averaged stresses are small for all
different assumptions. The stresses in Tong et al. [2010] are
calculated with the assumptions of a thin walled cylinder,
linear elastic material behaviour and for the shear stress
the average of the elastic and the plastic solution is used
according to Yang et al. [2007].

The initial conditions are given as void ratio e =
0.737+0.007 (D, = (70£2) %), isotropic stress p = 30kPa.
The sample is then anisotropically compressed so that
Omax = 157.4kPa, gint = 100kPa and omin = 42.6kPa. This
results in a mean normal stress p = 100kPa, a deviatoric
stress g = 99.4kPa and b = 0.5.Y The result of the laboratory
test is shown in Fig. 19.

The results of the simulations are shown in Figs. 20 to 24,
where the development of volumetric strain &, and a mea-
sure for deviatoric strain £q with respect to the cycling is
presented. All simulations except Hardening Soil show di-
latation, which is opposite to the behaviour of the physical
test. Hardening Soil shows, like in the 1y2¢ test, no volumet-
ric change. The evolutions of the deviatoric strains predicted
by the models differ considerably, cf. Fig. 25. The deviatoric
strains from the physical test have not been published and,
thus, cannot be compared with the simulated ones. It is also
conceivable that the elastic solution used for the evaluation
of the physical tests is not valid.

Note that a recently published new version of Sanisand
[Petalas et al., 2019] is able to predict the measured contrac-
tant behavior in the hollow cylinder test of Figs. 20 to 24. This
model introduces additionally an anisotropic critical state
line, a fabric tensor, a deviatoric plastic strain rate tensor,
and effects of noncoaxiality are explicitly considered. Thus,
this model ends up with 4 additional material parameters

(1)‘7 = \/[(Umax = 0in0)? + (Cint — Omin)? + (Omax — O min)?1/2;
b= Oint=O%min
Omax~Omin

Open Geomechanics, 2019, article no. 4

Fabian Schranz, Wolfgang Fellin & Dimitrios Kolymbas, Comparative performance of some constitutive models in stress rotation 8



0.6 e T T
- E
s 041 4 .
w024 PN ST AN R
’ . » S~ Se L7 ‘~\ .
, - .- - i
1
0.0 : T
0 1.5 3.0 45

Number of cycles

Figure 20. Volumetric and deviatoric strains in a hol-
low cylinder, numerical simulation with Hardening
Soil

12— : :
— -
= 0.8+ _/_,’"\\Eq ,,’\\\ I/’\\\ ’/’\\\ I/A
) ) K / \ i \ /! N\ /
w -0.4 r \ / NS N Vol
K \ / NS NS VS
-0.0 . = — -
0 1.5 3.0 4.5

Number of cycles

Figure 21. Volumetric and deviatoric strains in a hol-
low cylinder, numerical simulation with Sanisand
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Figure 22. Volumetric and deviatoric strains in a hol-
low cylinder, numerical simulation with Hypoplastic-

ity

-12.0 : x x
— v
- —&
~-80F E A
> J/
©-40F T
004 1.5 3.0 45

Number of cycles

Figure 23. Volumetric and deviatoric strains in a hol-
low cylinder, numerical simulation with Hypoplastic-
ity with intergranular strain

-4.5 - ; x
- ¢tv
——- —E
~-3.0F 4 ]
é ="
w .15 i
005 1.5 3.0 4.5

Number of cycles

Figure 24. Volumetric and deviatoric strains in a hol-
low cylinder, numerical simulation with Barodesy

6+ N
e "“"/
Byl <7 ---HSS 1
s > — Sanisand
e — 0
Hypois.
Barodesy 7

1 1

10 12 14

Figure 25. Deviatoric vs. volumetric strains for the
different hollow cylinder simulations

(i.e. 20 parameters in total) and two tensors of internal state
variables, for which the initial conditions have to be deter-
mined. This shows that the Sanisand-FN model is far more
complex than the here employed Sanisand-model [Taiebat
and Dafalias, 2008]. The other here used models have even
less material parameters than this Sanisand-model (e.g. Bar-
odesy with 7 material parameters), thus the new Sanisand-
FN model is less comparable.

6. Conclusions

The volumetric changes of sand are mainly due to dilatancy
(and contractancy). Dilatancy is an intricate property re-
sponsible for many important effects, such as liquefaction.
However, both experimental observation and numerical
simulation are difficult and prone to errors. The measure-
ment of volumetric changes in experiments proves to be
very sensitive, as different measurement methods (e.g. mea-
surements of the boundary displacements vs. tomographic
measurements) often deviate. Numerical simulations de-
pend on the implementation of the critical void ratio and its
dependence on stress, the experimental determination of
which is very uncertain, Muir Wood [1990].

The simulation of tests with rotation of principal axes
(shear tests) is a veritable extrapolation if the constitutive
model has been calibrated on the basis of rectilinear exten-
sions only. Clearly, extrapolations are more risky than other
tests, which can be understood rather as interpolations.
Correspondingly, a realistic simulation of shear tests is more
difficult to achieve and cannot be expected from every
constitutive model. It should also be taken into account
that deviations from homogeneity are more pronounced in
shear tests, and this makes such tests less appropriate for
calibration and also for validation.

It can be seen from the numerical simulations that con-
stitutive models which use only the principal stresses can,
clearly, not reproduce the volumetric changes of soil due to
principal stress rotation. This is shown here for the Hard-
ening Soil model, but applies also for the often used sim-
pler elastoplastic model with a Mohr-Coulomb failure cri-
terion. In the case of elastoplastic models this shortcoming
can be eliminated with a reformulation of the failure surface
and flow rule in a six dimensional stress space as shown in
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Ishihara and Towhata [1983]. The hypoplastic and barodetic
models are able to reproduce a volumetric change without
any further modification.

Advanced constitutive relations can model volumetric
change of soil due to a rotation of the principal stresses.
However, we have shown a case where these models pre-
dict a dilatant behaviour for this type of loading whereas
the corresponding laboratory test shows contractant be-
haviour. Note that the used constitutive relations model the
volumetric behaviour of drained triaxial and simple shear
tests quite satisfactorily and similarly to each other. This
discrepancy in the results of conventional laboratory tests
and principal stress rotation experiments is a clear hint that
further research is needed to obtain a reliable volumetric
behaviour of constitutive models under complex stress
paths. A successful example of such a development is the
recently published Sanisand-FN model.

Acknowledgements

The authors are grateful to the two referees for their con-
structive and helpful comments on this paper.

Review History

This paper was sent to two Reviewers: David Masin at the
Charles University in Prague, and X. S. Shi at the Hong Kong
University of Science and Technology. The two reviewers re-
mained anonymous during the entire revision process. Af-
ter the reviewing process was completed, both reviewers de-
cided to disclose their identity. There was a single round of
reviewing and correction after which both reviewers and the
editor decided to accept the paper. Please see the Review
History online for the complete reviews: ReviewHistory.pdf

References

Arthur, J. R. E, Chua, K. S., Dunstan, T., and Rodriguez, J. 1.
(1980). Principal Stress Rotation: A Missing Parameter.
Journal of the Geotechnical Engineering Division, Proceed-
ings of ASCE, 106(4):419-433.

Benz, T. (2007). Small-strain stiffness of soils and its numer-
ical consequences. Number 55 in Mitteilung des Instituts
fiir Geotechnik. IGS. Zugl.: Stuttgart, Univ., Diss., 2006.

Broms, B. B. and Casberian, A. O. (1965). Effects of Rota-
tion of the Principal Stress Axes and of the Intermediate
Principal Stress on the Shear Strength. In Proceedings of
the Sixth International Conference on Soil Mechanics and
Foundation Engineering, volume I, pages 179-183. Uni-
versity of Toronto Press.

Fellin, W. (2000). Riitteldruckverdichtung als plastodynamis-
ches Problem (Deep vibrocompaction as plastodynamic
problem), volume 2 of Advances in Geotechnical Engineer-
ing and Tunnelling. Balkema.

Gutierrez, M. and Ishihara, K. (2000). Non-coaxiality and en-
ergy dissipation in granular materials. Soils and Founda-
tions, 40(2):49-59.

Gutierrez, M., Ishihara, K., and Towhata, I. (1991a). Flow the-
ory for sand during rotation of principal stress direction.
Soils and Foundations, 31(4):121-132.

Gutierrez, M., Ishihara, K., and Towhata, I. (1991b). Mod-
elling the Deformation of Sand during Cyclic Rotation
of Principal Stress Directions. In International Confer-
ences on Recent Advances in Geotechnical Earthquake En-
gineering and Soil Dynamics, pages 7-12. University of
Missouri-Rolla.

Gutierrez, M., Ishihara, K., and Towhata, I. (1993). Model for
the deformation of sand during rotation of principal stress
directions. Soils and Foundations, 33(3):105-117.

Gutierrez, M. and Vardoulakis, I. (2007). Energy dissipation
and post-bifurcation behaviour of granular soils. Inter-
national Journal for Numerical and Analytical Methods in
Geomechanics, 31(3):435-455.

Gutierrez, M. and Wang, J. (2009).
of Rowe’s stress-dilatancy relation.
11(2):129-137.

Gutierrez, M., Wang, J., and Yoshimine, M. (2009). Modeling
of the simple shear deformation of sand: effects of princi-
pal stress rotation. Acta Geotechnica, 4(3):193-201.

Herle, 1. (1997). Hypoplastizitit und Granulometrie ein-
facher Korngeriiste, volume 142 of Verdffentlichung des In-
stitutes fiir Bodenmechanik und Felsmechanik. Karlsruhe:
Inst. fiir Bodenmechanik und Felsmechanik.

Hight, D. W, Gens, A., and Symes, M. J. (1983). The develop-
ment of a new hollow cylinder apparatus for investigating
the effects of principal stress rotation in soils. Géotech-
nique, 33(4):355-383.

Ishihara, K. and Towhata, I. (1983). Sand response to cyclic
rotation of principal stress directions as induced by wave
loads. Soils and Foundations, 23(4):11-26.

Joer, H., Lanier, J., Desrues, J., and Flavigny, E. (1992).
“ly2¢”: A New Shear Apparatus to Study the Behav-
ior of Granular Materials. Geotechnical Testing Journal,
15(2):129-137.

Joer, H., Lanier, J., and Fahey, M. (1998). Deformation
of granular materials due to rotation of principal axes.
Géotechnique, 48(5):605-619.

Kolymbas, D. (1985). A generalized hypoelastic constitu-
tive law. In Proc. XI Int. Conf. Soil Mechanics and Foun-
dation Engineering, San Francisco, volume 5, page 2626.
Balkema.

Kolymbas, D. (1991). An outline of hypoplasticity. Archive of
Applied Mechanics, 61(3):143-151.

Kolymbas, D. (2012). Barodesy: a new constitutive frame for
soils. Géotechnique Letters, 2:17-23.

Kolymbas, D. (2015). Introduction to barodesy. Géotech-
nique, 65(1):52-65.

Miura, K., Miura, S., and Toki, S. (1986). Deformation behav-
ior of anisotropic dense sand under principal stress axes
rotation. Soils and Foundations, 26(1):36-52.

Muir Wood, D. (1990). Soil Behaviour and Critical State Soil
Mechanics. Cambridge University Press.

Naughton, P. J. and O’Kelly, B. C. (2007). Stress non-
uniformity in a hollow cylinder torsional sand specimen.
Geomechanics and Geoengineering, 2(2):117-122.

Niemunis, A. and Herle, 1. (1997). Hypoplastic model for
cohesionless soils with elastic strain range. Mechanics of
Cohesive-frictional Materials, 2(4):279-299.

Non-coaxial version
Granular Matter,

Open Geomechanics, 2019, article no. 4

Fabian Schranz, Wolfgang Fellin & Dimitrios Kolymbas, Comparative performance of some constitutive models in stress rotation10


https://opengeomechanics.centre-mersenne.org/article/OGEO_2019__1__A4_0/attach/ReviewHistory.pdf

Petalas, A. L., Dafalias, Y. E, and Papadimitriou, A. G. (2019).
SANISAND-FN: An evolving fabric-based sand model ac-
counting for stress principal axes rotation. International
Journal for Numerical and Analytical Methods in Geome-
chanics, 43(1):97-123.

Pradel, D,, Ishihara, K., and Gutierrez, M. (1990). Yielding
and flow of sand under principal stress axes rotation. Soils
and Foundations, 30(1):87-99.

Sayao, A. and Vaid, Y. P. (1991). A critical assessment of stress
nonuniformities in hollow cylinder test specimens. Soils
and Foundations, 31(1):60-72.

Schneebeli, G. (1956). Une analogie mécanique pour les ter-
res sans cohésion. Comptes rendus hebdomadaires des
séances de ’Académie des sciences, 243:125-126.

Schwiteilo, E. and Herle, 1. (2017). Vergleichsstudie zur
Kompressibilitdit und zu den Scherparametern von Ton
aus 6dometer- und Rahmenscherversuchen. geotechnik,
40(3):204-217.

Taiebat, M. and Dafalias, Y. E (2008). SANISAND: Simple
anisotropic sand plasticity model. International Journal
for Numerical and Analytical Methods in Geomechanics,
32(8):915-948.

Tong, Z.-X., Zhang, J.-M., Yu, Y.-L., and Zhang, G. (2010).
Drained Deformation Behavior of Anisotropic Sands dur-
ing Cyclic Rotation of Principal Stress Axes.  Jour-
nal of Geotechnical and Geoenvironmental Engineering,
136(11):1509-1518.

Truesdell, C. and Noll, W. (1992). The Non-Linear Field The-
ories of Mechanics. Springer, 2 edition.

Verdugo, R. and Ishihara, K. (1996). The Steady State of
Sandy Soils. Soils and Foundations, 36(2):81-91.

von Wolffersdorff, P-A. (1996). A hypoplastic relation for
granular materials with a predefined limit state surface.
Mechanics of Cohesive-frictional Materials, 1(3):251-271.

Yang, Z. X, Li, X. S., and Yang, J. (2007). Undrained
anisotropy and rotational shear in granular soil. Géotech-
nique, 57(4):371-384.

Manuscript received 5th June 2019, revised 19th September 2019, accepted
14th October 2019.

Open Geomechanics, 2019, article no. 4
Fabian Schranz, Wolfgang Fellin & Dimitrios Kolymbas, Comparative performance of some constitutive models in stress rotation11



	1. Introduction
	2. Constitutive models
	2.1. Hardening Soil with small-strain stiffness
	2.2. Sanisand
	2.3. Hypoplasticity
	2.4. Barodesy
	2.5. Calibration and comparison

	3. Kinematic analysis of the deformations
	4. Rotation of principal stresses with a 12 apparatus
	4.1. Testing device
	4.2. Stress path
	4.3. Results

	5. Rotation of principal stresses with a hollow cylinder apparatus
	6. Conclusions
	Acknowledgements
	Review History
	References

